We derive a model of endogenous growth with physical capital, human capital and technological progress through quality-ladders. We introduce welfare decreasing pollution in the model, which can be reduced through the development of cleaner technologies. From the quantitative analysis of the model, we show clear evidence that the externality from technological progress to pollution considered in this model is sufficiently strong to induce underinvestment in R&D as an outcome of the decentralized equilibrium. An important policy implication of the main result of this article is that it reinforces the case for R&D subsidies.
Introduction
Economic growth is often associated with significant environmental problems, since it is typically accompanied by increases in natural resource use and in undesirable pollutant emissions. The environmental damages unleashed by economic development are not only harmful per se, but also diminish future growth prospects through the degradation of basic productive assets, such as soil, water, and the atmosphere, which are essential for human activities, thus calling into question the sustainability of such growth. It has long been clear that one way out of this conundrum is to develop new technologies, especially those that bring positive economic productivity effects and are also environmentally friendly.
Initially, technical progress was incorporated into growth models exogenously, which showed its potential benefits but did not explain how it occurred. More recently there has been a proliferation of studies of endogenous technical change, which analyse the interaction between choices in the dynamic economic system and technological development. Some of these studies include environmental variables in the analysis. Smulders [28] is a non-technical summary of the evolution of technology's role in growth models with natural resources, which points out that the form of technological change is crucial and that, given the costs of technological improvements, appropriate regulation is essential to ensure that such change will continue "at a sufficient rate and in the right direction" (pg. 172). 1 Löschel [17] presents an overview of economic models of environmental policy that incorporate technological change, both exogenous and endogenous. The author emphasizes the overwhelming evidence for endogenous technological change, especially over a long time horizon, although he highlights the complexities inherent to the inclusion of such endogeneity in policy models. A more recent survey, focusing on models for climate policy analysis, is Gillingham, Newell, and Pizer [7] .
As Jaffe, Newell, and Stavins [13] make clear, both technological innovation and pollution are characterized by market failures leading to a number of well-known externalities. The negative effects of pollution fall (wholly or in part) on third parties that are not involved in the pollution-producing decision, thus creating an environmental externality. As for technology, there are knowledge externalities arising from one firm's costly investment in new technology, creating beneficial spillovers for other firms, since new knowledge has a public-good nature. There may also be adoption externalities if one firm's use of a technology lowers costs for other firms, through learning effects or network externalities. This double market failure diminishes private incentives for the development of green technologies and strengthens the case for government intervention, preferably through the application of combined policies instead of single instruments. 2 Contrary to Acemoglu et al. [1] and similar to Ricci [26] , we have modelled just one sector of R&D, allowing for a varying effect of technologies in pollution (according to different values of parameters), implying that technologies can be more or less environmently-friendly.
We propose a model of endogenous growth with physical capital, human capital, and technological progress through quality-ladders, to which we add pollution, which can be reduced through technological progress. A paper that is close to ours is Grimaud and Tournemaine [9] , which establishes the possibility that an environmental policy promotes growth through its impact on human capital choices. However, our focus is on the R&D sector, which in their model has a simpler production function and does not influence consumption-good production. In fact, the comparison between different externalities relating to the R&D activities would not be possible in a model like theirs. The similarities are that in our model, as in theirs, improvements in technological quality mean fewer emissions, i.e. a cleaner technology, and that the stock of human capital can be put to different, rival, uses. Ikazaki [12] also considers an endogenous growth model with human capital accumulation and pollution. However, his paper does not consider the possibility that technology decreases pollution, nor does it quantify the externalities present in the model. A couple of articles study the impact of clean(er) technologies on growth and the effects of economic policy, namely taxes, on dirty technologies (see e.g. Hart [11] and Koesler [20] ). However, none of these papers considers human capital accumulation nor emphasizes quantitative results, as we do.
We show that considering pollution in an endogenous growth model with physical capital, human capital, and R&D introduces distortions, not only on the allocation of resources throughout sectors in the economy, but also on output and capital growth rates. The negative effect of R&D on pollution is an additional externality, which drives the decentralized equilibrium further from the social optimum and adds an extra reason to obtain underinvestment in R&D. In this sense, this paper also contributes to a large literature on the optimality of investments in R&D (see Alvarez-Paleaz and Groth [3] and Jones and Williams [15] ). No existing research has introduced the potential externality that derives from the effect of technological progress on pollution and studied it quantitatively in a model with human capital accumulation. This externality is sufficiently strong to induce underinvestment in R&D as an outcome of the decentralized equilibrium, even when typical sources of overinvestment, such as duplication and creative destruction, are considered. The threshold level for the effect of R&D on pollution, above which underinvestment occurs, is relatively low compared with the benchmark value used in previous contributions. An important policy implication is a stronger justification to subsidize R&D, especially when research leads to pollution-decreasing technologies.
The following section presents the model. Section 3 shows the main relationships between variables from a social planner's point of view. Section 4 presents the decentralized equilibrium. Section 5 presents the allocations of human capital and other macroeconomic variables and shows the distortions in the market solution. In Section 6 we calibrate the model and quantify the distortions presented in the previous section, and Section 7 concludes.
Model
We build an endogenous growth model with physical and human capital accumulation and quality-improving R&D (quality-ladders or vertical R&D), in the line of Segerstrom [27] and Arnold [4] , to which we add utility-decreasing pollution. The flow of pollution emissions arises from production in the economy and decreases with the quality index for technologies. The higher is this index, the cleaner is the technology used in the economy. 
Production Factors and Final Goods

Capital Accumulation
The accumulation of physical capital (K Y ) in the economy arises through production that is not consumed, and is subject to depreciation:
where Y denotes production of final goods, C is consumption, and δ P represents depreciation.
Individuals have a given amount of human capital, K H , at each point in time, and they decide whether to apply it in production, research activities, or schooling. The hours allocated to schooling in turn provide additional accumulation of human capital,
where H H are school hours, ξ > 0 is a parameter that measures productivity inside schools, and δ H ≥ 0 is the depreciation of human capital.
There is a constraint on total human capital. Since it can be divided into skills for final good production (H Y ), school attendance (H H ), and undertaking R&D (H R ), and by assumption the different human capital activities are not cumulative, we have:
Final Good Production
The final good is produced with a Cobb-Douglas technology:
where A ∈ [0, 1] is an index of the technology production potential for final good production in a given period of time. Thus A approaches 1 if the economy is approaching its production frontier. D is an index of intermediate goods and is produced using the 5 following CES technology:
The elasticity of substitution between intermediate goods is measured by 0 < α < 1.
x i is the intermediate good i and is produced in a differentiated goods sector using human capital: x i = H Yx i , while q k i is the quality index of each intermediate good.
This means that (4) can be re-written as:
where
is an aggregate quality index.
R&D Technology
Technological capital, or new qualities of the current technology, Q R , are produced in a R&D sector with human capital employed in R&D labs (H R ) and using the current quality (Q R ). At each point in time, an improvement from the quality level k to k + 1 occurs with probability
. If an innovation occurs in a given sector i, quality grows at rate (γ
In this quality-ladder environment, when a firm succeeds in developing a new technology, it destroys the profits of the incumbent that is producing the leading-edge technology. In any sector at any time, an innovation occurs with probability υ =
, so that the aggregate (nonstochastic) quality index will accumulate according to:
where 0 < λ ≤ 1 measures duplication ('stepping-on-toes') effects and 0 < ϕ < 1 measures the degree of spillover ('standing-on-shoulders') externalities in R&D across time, as in Jones [14] . 
Consumers
The utility function has the following functional form, similar to Stokey [30] :
where ρ is the utility discount rate, b > 0 gives the impact of disutility that a consumer has from pollution , and κ > 1 describes the intensity of the pollution effect on welfare, so that the negative effects of pollution become greater as P increases. Thus high levels of pollution are proportionally more damaging than low levels of pollution. 3 P is pollution, which is equal to:
Pollution increases with production, especially because we assume χ > 1, which means that higher values of A lead to more production but also more pollution. As the economy approaches the technological frontier, pollution increases. On the other hand, new cleaner technologies may decrease pollution. The effect of Q ϵ R on pollution is crucial, as it means that high technological knowledge decreases pollution. 
Optimal Growth
If consumers are affected by a pollution variable they do not control, and firms do not take this impact into account, the decentralized equilibrium will not maximize aggregate welfare. Thus, we must solve a social planner's problem. In this section we derive the conditions associated with the maximization of (8) subject to the production function (6) as well as the transition equations for the different types of capital (1), (2), and (7). 3 The t subscripts are dropped in the remaining sections for ease of notation. 4 A sufficient condition is that ϵ > 0.
The problem gives rise to the following current-value Hamiltonian function:
where the µ j are the co-state variables for each stock K j , with j = Y, H, and Q R .
Considering choice variables C, A, H Y , and H R (and substituting for H H using (3)), the first-order conditions yield:
as well as:
with
τ representing the marginal utility of consumption. The problem also respects the following transversality conditions for physical capital, human capital, and technological capital, respectively: lim
Optimal Growth Rates
By definition growth rates will be constant, so equation (1) tells us that K Y , Y , and C all grow at the same rate. Furthermore, K H and all its components will also be 8 growing at that same rate, respecting equations (2) and (3).
Denote the growth rate of technological capital as g Q R and the growth rate of human capital as g K H . From equation (7) we can see that these two growth rates have to obey the following relationship:
In the steady-state, we can obtain the output growth rate as follows. From (12) we
,which can be substituted into (13) and log-differentiated to yield:
By log-differentiating equation (12) we obtain:
From the log-differentiation of equation (6) we obtain:
Also, from the log-differentiation of equation (9) we obtain:
If in this previous equation we substitute (18) and (19) we obtain:
Substituting this last expression and also (18) into (20) we obtain the output growth rate:
By substituting this last expression into (18) we obtain the growth rate of human capital:
Using the fact that
we solve for the growth rate of technological capital:
Then by substituting equation (23) into (22) we reach the final expression for g * A , and if we also substitute (23) into (19) we have the final expression for the growth rate of pollution, which is:
Decentralized Equilibrium
In the decentralized equilibrium both consumers and firms make choices that maximize, respectively, their own felicity or profits. Consumers maximize their intertemporal utility function:
subject to the budget constraint:
where a represents the family physical assets, r is the return on physical capital, and W H is the market wage. The market price for the consumption good is normalized to 1. Since it is making an intertemporal choice, the family also takes into account equation (2) which represents human capital accumulation.
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The markets for purchased production factors are assumed to be competitive. From the substitution of the technological index (A) from equation (9) into equation (6) we have:
From the problem of the representative firm that produces the final good, we know that returns on production are as follows:
However, in the absence of government intervention there is no market price for P , thereby ensuring that there will be an externality from pollution. 
After insertion of equations (32) and (29) into (31), profits can be rewritten as:
Let ν denote the value of an innovation, defined by:
Taking into account the cost of an innovation as determined by equation (7), free-entry in R&D implies that,
Finally, the no-arbitrage condition requires that investing in patents has the same return as investing in bonds:
The free-entry condition also means that
. This fully describes the economy.
Growth Rates in the Decentralized Equilibrium
In the market steady state, we can obtain the human capital growth rate of the decentralized equilibrium as follows. By using equation (51) and replacing it in
= g µ a + g W H which we obtain by (49), we find
Substituting this last equation in the previous one and
µ a µ a which we find in (48) we arrive at:
By log-differentiating the production function (28), using the fact that
The log-differentiation of equation (9) and some rearrangements returns:
Substituting (40) into (39), solving for g Y and replacing into (38) we obtain the growth rates of human capital and production in the decentralized equilibrium:
By using the fact that g Q R = λ 1−ϕ g K H we solve for the growth rate of technological capital:
Substituting (41) and (42) into (40) we obtain the growth rate of pollution in the decentralized equilibrium.
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Optimality of Human Capital Allocations
The shares of human capital allocated to the different sectors in the social planner framework are:
The shares of human capital allocated to the different sectors in the decentralized equilibrium are:
The equations presented in this section provide a basis for the comparison of the optimal solution with the decentralized equilibrium solution. 6 In fact, this model incorporates several reasons why the decentralized equilibrium solution may be different from the social planner solution:
• The creative destruction (or business stealing) effect -The probability of success of an innovation is internalized by the social planner but not by the agents in the decentralized equilibrium. The externality occurs since the individual firm does not internalize the (negative) effects that its own probability of success has on the profits of the other firms. When a firm is successful in developing a new technology it destroys the rents created by the incumbent that is producing the leading-edge technology. The social planner, on the contrary, takes into account that an innovation destroys the social return from the previous inno-
vation. An increasing rate of creative destruction reduces the time span during which a newly invented technology creates value for the inventor. This is mea-
and increases the R&D effort in the market, favouring overinvestment in R&D.
• Spillovers in R&D -The R&D activity depends on past knowledge. This is a positive effect that firms do not internalize. It contributes to the sub-optimality of R&D and is measured by ϕ.
• Duplication effects in R&D -Some R&D efforts would be redundant in comparison with others. This effect contributes to a greater effort in the decentralized equilibrium than what the social planner would make, favouring overinvestment in R&D. This is measured by λ.
• Specialization gains from R&D -This externality results from the fact that there can be a difference between the social gains from having better qualities, which the social planner internalizes, and the private gains from having better qualities, which are the only source of gains that the firm considers. In fact, private and social gains would be equal only by coincidence. Having better qualities available increases production and welfare, which is an effect that is not internalized by firms. It is measured by the comparison of η with α. This comparison dictates whether this externality leads to over or underinvestment in R&D.
• Externality from Pollution -The lower the effect on pollution of the technological index A, measured by χ, and the greater the effect of the technological quality index Q R , measured by ϵ, the higher the allocation of human capital to R&D in the optimal solution. The main mechanism for the latter is described as follows:
an increase in the quality of technologies (with ϵ > 0) causes a decrease in pollution (see equation (9)), which induces a positive effect R&D has on utility through pollution (see equation (8)) -an effect that is neglected by the individual agents, due to the absence of pollution markets, but is incorporated by the social planner. This induces the social planner to increase his preferred allocation of human capital to R&D.
Creative destruction, spillovers, duplication, and specialization gains were analysed in Alvarez-Paleaz and Groth [3] and Jones and Williams [15] . Reis and Sequeira [23] include all those effects except duplication in a model with human capital accumulation. We add to this literature the analysis of the pollution externality. Unlike what occurs in most earlier studies, here, due to the introduction of pollution, growth rates in the social planner solution also deviate from the decentralized equilibrium. However, as we will see below, these deviations are relatively less important than those in shares. As usual in studies seeking to assess the distortions between the social planner and decentralized equilibrium solutions, this evaluation is a quantitative issue. For this reason, we now implement a calibration exercise to evaluate the distortions. In this exercise we will see that the last distortion, linked with pollution, is decisive in obtaining underinvestment in R&D, underscoring the crucial mechanism by which the new technologies decrease pollution, even in comparison with other distortions.
Quantitative Results
Calibration Procedure
In this section, we present and justify the calibrated values used for the parameters in the benchmark economy. For the share of physical capital in final good production, we use the typical value, β = 0.36. For the markup in the differentiated goods sector (1/α), we use, based on Norrbin [19] : Table 3 (Electric Equipment), a value of 1/α = 1.33.
We use the output growth rate of Western Europe in the period from 1973 to 2001, reported by Maddison [18] (1.88%), as a base for our calibration exercise. As in Strulik [31] , we use the TFP growth rate to estimate the growth rate of R&D, using the facts
Using the values already defined we reach g Q R = 0.006878. Following the approach of Strulik [31] , we estimate the innovation parameter γ such that the lifetime of an innovation is 20 years. This implies γ = 1.043898. For the elasticity of intertemporal substitution (τ ), we follow Jones et al. [16] in considering τ = 0.8. We note that this is an important parameter, and therefore confirm that a value in this range is also empirically supported (see Guvenen [10] ).
The discount rate (ρ) is set to 0.01, a value in the range used in the literature. The depreciation rate of physical capital (δ P ) is also set to reside in a lower bound of the interval usually seen in the literature (0.01). As it is typical for endogenous growth models with human capital accumulation to consider no depreciation of human capital, we also set δ H = 0. Small oscillations in these parameters do not greatly effect our results, as can be seen in the following section. For the duplication effect (λ) we have followed Strulik [31] , Pessoa [21] , and others in considering λ = 0.25. As is common in previous literature we set η = 1 − β in the benchmark exercise. This value is also an intermediate value for gains of specialization as considered by Jones and Williams [15] .
For the spillover effects, we follow Reis and Sequeira [23] and set ϕ = 0.4, which is an appropriate value for models with human capital accumulation, as the authors argue. For the effect of pollution on utility, we have adopted the value used in Stokey [30] , κ = 1.2. In order to choose the value of χ, we consider evidence on the empirical relationship between output and pollution. This generally indicates an inverted Ushaped relationship between the level of income and pollution, usually known as the Environmental Kuznets Curve (EKC). However, recent country-specific studies have noted that the relationship between income and pollutants can be almost linear or, for some pollutants, N-shaped. In Roca et al. [24] the EKC hypothesis is rejected and the effect of income on pollution is around 1.2. Akbostanci et al. [2] report that this coefficient for Turkey is about 3.5. From Song et al. [29] , we see coefficients from 1.5 to 3, regarding China. Thus, we use a value of χ = 2, within the range of plausible values. Finally, for the effect of technological progress on pollution, ϵ, we use 0.5, implying decreasing returns in influencing pollution. As this parameter governs the externality of technology on pollution, which is the focus of our study, we will perform considerable sensitivity analysis on it.
The productivity of human capital in the human capital accumulation process (ξ) is calibrated according to the condition: g DE Y = 0.0188. This yields a value for ξ = 0.031207 in the benchmark exercise. We also note that ξ is a reasonable value compared to values for the same parameter used in the economic growth literature. 
Results for the Benchmark Economy
This section presents results for growth rates and shares in the benchmark calibration exercise. Table 2 shows the values obtained for the decentralized economy and, for comparison, the optimal values. Because of the negative effects of pollution, the social planner wishes to decelerate the economy, leading to an optimal output growth rate of 0.16%, which is much lower than the 1,88% market equilibrium. However, due to the effect of technological progress on pollution and of human capital on that progress, the social planner solution leads to higher growth rates of human capital and R&D. This implies that the social planner allocates more human capital to human capital production (66.7%) than does the decentralized equilibrium solution (52.9%). Comparing to previous articles that analyzed efficient and market outcomes in endogenous growth models with human capital accumulation, this distortion in the allocation to the human capital sector is new and entirely due to the effect of technological progress on pollution, studied in this article. Due to an especially high creative destruction effect and high duplication effects in this benchmark calibration exercise, the decentralized equilibrium allocates more human capital to R&D than does the social planner.
As we introduce a new positive externality of R&D in the model, which is explained by its effect on reducing pollution, we want to know the quantitative importance of this distortion. Thus, we deliberately increase this effect (the parameter ϵ) and observe the impact on the allocations of human capital to the different sectors of the economy (see Fig. 1 ). We can see that as the externality of R&D in pollution increases, while the decentralized equilibrium share to the R&D sector remains constant because this externality does not affect decentralized equilibrium allocations, the social planner share increases.
This means that as technology increases its pollution-reduction role, the social planner wishes to allocate more effort to R&D, in order to decrease pollution. This eventually contributes to underinvestment in R&D, which indicates that the pollution externality introduced in this article is capable of overcoming a result of overinvestment in R&D.
In particular, the share allocated by the social planner is higher than the share allocated in equilibrium above ϵ = 0.69, i.e. above a value that means that a 1% increase in the level of technology led to a reduction in pollution by 0.69%.
Sensitivity Analysis
In this section, we perform two types of sensitivity analysis. First, we test the variation of the degree of optimality when we introduce variations in a sub-set of our calibrated parameters, those for which there is more uncertainty in the literature. Second, we
show the minimum value of ϵ above which underinvestment in R&D occurs, for a wider variation of each of the parameters in the model. This allows us to generalize our conclusions.
To implement both types of sensitivity analysis we need to establish a set of plausible values for each parameter. The first is the parameter that governs the elasticity of substitution (τ ). While in most theoretical research the elasticity of substitution (1/τ ) is assumed to be around 2, recent empirical evaluations argue that this value can rise to nearly 10 (e.g. Guvenen [10] ). In order to perceive how our findings change when the The second panel, on the lower left-hand corner, decreases the effect of duplication on R&D. This decreases the factors that lead to overinvestment in R&D and the result is, for all parameter values, underinvestment in R&D. However, the level of 7 We thank a referee for this suggestion. As expected this would decrease the allocation of resources to the R&D sector in the optimal choice even more, since the pollution externality would reinforce the R&D externalities. As in Figure 1 , underinvestment in R&D appears when ϵ > 0.7. Overall, we reach the conclusion that the pollution externality we introduce in this model can be sufficiently strong to produce results in which there is underallocation of resources to R&D. As with earlier research (e.g. Stokey [30] , Reis [22] , and Hart [11] ) which considered ϵ = 1, for this value almost all exercises in this paper predict market underinvestment in the R&D sector. In fact, for overinvestment in R&D to occur with ϵ = 1, it would be necessary to have an implausibly high duplication effect (λ < 0. 19) or an implausibly high effect of the technological index on pollution (χ > 2.6).
In the second exercise of sensitivity analysis we consider a set of plausible values for each model parameter, then calculate the minimum ϵ above which there is underinvestment in R&D for the minimum and maximum value of each one. We find that for most parameter combinations, the externality that links technology to pollution is sufficiently strong to induce underinvestment in R&D. For the spillover ϕ and the gains from specialization parameter η, we consider the minimum and maximum as in Table 3 presents the threshold levels for the effect of technology in pollution above which there is underinvestment in R&D. Table 3 show that generally, for a large combination of parameters the externality measured by the effect of ϵ is sufficiently strong to induce underinvestment The overall conclusion is that for plausible values of the effect of technology in decreasing pollution (ϵ), an increase in this effect is sufficient to induce underinvestment in R&D even when the initial situation is one of overinvestment in R&D, in which creative destruction and duplication effects in R&D are strong. This can be understood as an argument in favour of the existence of subsidies to the R&D sector when the technologies developed in that sector decrease pollution.
Values in
Conclusion
We derive a complex model of endogenous growth with physical capital, human capital, and technological progress through quality-ladders, to which we add pollution. In particular, we focus on the effect of technological progress in decreasing pollution. This follows the idea of Reis [22] , which models technological progress, both exogenously and endogenously, and in which the possibility of discovering a cleaner technology is taken as exogenous. Unlike that author, we model the R&D process as a qualityimproving technology in which better qualities are usually cleaner qualities, but the impact they have on pollution may differ considerably. 9 Gradus and Smulders [8] , Hart [11] , and Koesler [20] , for instance, also present models in which technological progress reduces pollution. However, none of these authors makes a quantitative evaluation of their models and apart from the much simpler model in Gradus and Smulders [8] , no other paper has modelled human capital accumulation as, so that distortions in human capital allocation have not previously been studied. We seek to fill these gaps in the literature.
Examining the optimality of investment in R&D has been the focus of much research. However, none introduces the potential externality that derives from the effect of technological progress on pollution nor studies it quantitatively. We also contribute to this literature.
We derive growth rates for output, human capital, technological progress, and pollution resulting from both the decentralized equilibrium and the social planner choices.
We then identify the different distortions in place (spillovers, duplication, specialization returns, creative destruction, and pollution). Comparing to previous literature, new distortions appear in growth rates and in the allocation to the human capital sector, entirely due to the effect of technology on pollution analyzed here. We have also implemented a calibration exercise to present quantitative results. From this exercise we conclude that the economy tends to overinvest in R&D due to high creative destruction and duplication effects. However, we show clear evidence that the additional externality from technological progress to pollution, considered in this model, is sufficiently strong to overcome those effects and to induce underinvestment in R&D as an outcome of the decentralized equilibrium. The threshold level for the effect of R&D on pollution, above which underinvestment occurs, is relatively low compared with the benchmark value used in previous contributions. This means that the distortion we introduce is quantitatively important when compared with the traditional distortions in the R&D sector.
An important policy implication of the main result of this article is a justification to subsidize research in R&D, especially when research leads to technologies that decrease pollution. The amount of subsidies to the R&D sector would depend positively on the effect technologies have on decreasing pollution. Further research should focus on the interactions between such a policy and environmental policies that tackle pollution levels directly.
